Abstract -We consider the problem of information flow in networks. In particular, we relate the question whether a set of desired connections can be accommodated in a network to the problem of finding a point on a variety defined over a suitable field. This approach lends itself to the derivation of a number of theorems concerning the feasibility of a communication scenario.
I. PROBLEM FORMULATION
A communication network is a collection of directed links connecting transmitters, switches, and receivers. It may be represented by a directed graph 6 = (V, E ) with a vertex set V and an edge set E V x V. Edges are denoted by round brackets (VI, v~) E E and assumed to be directed. The head and tail of an edge e = (w', v) is denoted by = head(e) and v' = tail(e).
We want to allow communication between selected nodes in the network. Let X ( v ) = {X(v, l), X(v, 2), . . . , X(w,p(v))} be a collection of random processes that are observable at node v. We want to allow communication between selected nodes in the network i.e. we want to replicate, by means of the network, a subset of the random processes in X(w) at some different node v'. We define a connection c as a triple (v (,,) , where YE(,,) denotes the powerset of X ( v ) .
The rate R(c) of a connection c = (v, v', X ( v , v')) is defined entropy rate of a random process X .
A node ' U can send information through a link e = ( w ,~) at a rate of at most C(e) bits per time unit. In addition to the random processes in X ( v ) node w can observe random processes Y(e') if head(e') equals v. In general the random process Y(e) transmitted through link e = (v,u) will be a function of both %(w) and Y(e') if head(e') = v. If v is the sink of any connection c , the collection of random processes
) is a subset of %"(v) up to a potential time delay of the random processes in %(v,v').
Let a network 6 be given together with a set %? of desired connections. One of the fundamental questions of network information theory is under which requirements a given communication scenario (6, %) is admissible. The results presented in this paper aims at giving algebraic conditions characterizing if a scenario (6, %) is solvable using linear network coding techniques (we will define this term shortly).
as R(c) = C i : X ( v , i ) E E ( v , u ' )
H(X (W, a) ), where fw) is the
We will make a number of simplifying assumptions:
1. In addition to the above constraints, we assume that communication in the network is performed by transmission of vectors (:symbols) of bits. The random processes X(v,l), Y(e) and Z(v,l) can hence be modeled as discrete processes The output Z(v, 1 ) at any node v satisfies where the coefficients o l e , l , Pe,+, , and E,) , j are elements of &m .
The main merit of the presented approach is the derivation of an algebraic framework for characterizing the solvability of a network scenario (6,"). In particular we derive for an arbitrary scenario (6, %) an ideal in a polynomial ring W[I ,&, . . . ,&I (P is a suitably chosen field) such that the scenario (6,") is solvable if and only if the ideal is not trivial. This base result leads to a number of findings for more specialized network problems like multicast, or problems including link failures in networks.
We give an example of the type of theorem that can be derived for a multicast setup in a network that is subject to link failures. In the context of link failures in networks, we call a solution to a network problem static if the operations at nodes are not affected by a particular link failure pattern. 
